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Annotatsiya. Ushbu magolada Hadamard ma’nosidagi kasr tartibli
subdiffuziya tenglamasi uchun Koshi masalasi o‘rganilgan.
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Abstract. This article studied the Cauchy problem for the fractional
subdiffusion equation with Hadamard derivative.
Keywords: Hadamard fractional derivative, Mittag-Leffler function, operator.

So‘nggi yillarda fizika, biologiya va texnika fanlarida kasr tartibli tenglamalarining
go‘llanilishi tufayli ularni o‘rganishga bo‘lgan qiziqish katta sezilarli darajada ortdi. Kasr
tartibli tenglamalar ko‘plab matematiklar tomonidan o‘rganilgan. Bu haqda ko‘proq
ma’lumotlarni [1] - [7] ishlarda topish mumkin.

Faraz gilaylik, H separabel Hilbert fazosi bo‘lsin. H da skalyar ko‘paytmani (-,-)
orgali, normani esa ||-|| kabi belgilaymiz. A:H — H chegaralanmagan, o‘z-o‘ziga
qo‘shma, musbat aniglangan ixtiyoriy operator bo‘lsin. Shu bilan birga A operatorning

teskarisi mavjud va kompakt operator bo‘lsin. Aytaylik, H fazodagi {Vk} to‘la
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ortanormal sistema A operatorning {4,} sanogli musbat xos sonlariga mos Xxos
funksiyalari bo‘lsin. Qulaylik uchun {4} xos sonlar ketma — ketligi limit nugtaga ega
emas va qayta nomerlash orgali O0<A4 <A,...—>+oo ko‘rinishda yozib olamiz.
C((ab);H) orgali giymatlari H da yotuvchi te(a,b) oraligda uzluksiz u(t)

funksiyalar to‘plamini belgilaylik.

d
Aytaylik, O = Xd— va N—1<a <N bo’lsin. Hadamardning ¢« - Kasr tartibli
X

hosilasi deb quyidagiga ifodaga aytiladi:

D y(x) = 5" (1" “y(x)) :(x%jn;j.log[ij Y@ )

I'(n-a) g S
(1.2)
Aytaylik, 0 < a <1 bo’lsin. Quyidagi Koshi masalasini garaylik:
Dfu(t) + Au(t)=f, t>1
(1.2)

lim 127 u(t) = o,
t—1+0

bu yerda ¢, feH .
Ta’rif. Ushbu DZu(t), Au(t)eC((L);H) va (1.2) shartni ganoatlantiruvchi

(Int)"* -u(t) e C((Loo); H) funksiyaga (1.2) masalaning yechimi deyiladi.
Endi biz (1.2) to’g’r1 masalaning yechimi mavjud va yagonaligini ko’rsatamiz.
Buning uchun avval Mittag-Leffler funksiyasining keyinchalik bizga kerak
bo’ladigan ba’zi xossalarini eslatib o’tamiz. E, (z) bilan ikki parametrli Mittag-Leffler
funksiyasini belgilaymiz:
0 Zn

E,.(2)= >

_. 2.1
=0l (PN + p) ¢

Bizga Mittag-Leffler funksiyasi uchun ba’zi baholashlar kerak. Yetarlicha katta t
uchun asimptotik baho mavjud ( [1], p. 75, [3], p. 13)
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E, (1) = ¥£1+ O (;D (2.2)

va ixtiyoriy kompleks son x uchun

C
O<E, , (-t)g—, t>0. 2.3
IE, (D @3)

Teorema 1. Aytaylik O<a<l va ¢,f eH. U holda (1.2) masala yagona
yechimga ega va u quyidagi ko‘rinishda bo‘ladi:

u(t) = ki[(pk (IN)“E, o (<A INY) + (IO Ey g g (<A D) [y
=1

(2.4)

bu yerda ¢ va f, lar mos ravishda ¢ va f funksiyalarning Furye
koeffisiyentlari, hamda Ep,ﬂ(z) - Mittag — Liffler funksiyasi.

Isbot. Yechimning mavjudligi. Biz bu bo‘limda (1.2) masalaning yechimi mavjud
va yagonaligini ko‘rsatamiz. (1.2) masalani yechish uchun matematik fizika masalalarini
yechishda keng qo‘llanalidigan usulllardan biri Furye usulidan foydalanamiz, ya’ni

yechimni quyidagi ko’rinishda izlaymiz:

uxt) = 2TV - (2.5)
k=1
(2.5) gatorni (1.2) tenglamaga olib borib quyamiz va quyidagi tenglikni hosil
gilamiz:
k=1 k=1

Av, = A4 v, tenglikni hisobga olib, hamda f ni {Vk} to’la sistema bo’yicha qatorga

yoyib, quyidagi
2 (DFT (1) + AT )i = 2. vy (2.7)
k=1 k=1

tenglikka ega bo‘lamiz. Bundan esa quyidagi Koshi masalasiga kelamiz:
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DI (1) + ATy (1) = fy,
lim 17T, (t) = o,

t—1+0

(2.8)

Bu masalani yechimi quyidagi ko‘rinishda bo‘ladi (qarang [2]):

a-1 a X a a
Tk(t):(pk(ln%J Ea,a{—ﬂk(ln%) J+fkj(lnt§j Eaml{—zk(ln%j J%
1

bir nechta shakl almashtirishlardan so’ng (2.8) masalaning yechimi quyidagicha

bo’ladi
Ty () =@ (N E,, , (A4 (Int)*) + f N E,, ;1 (—A4 (IN)*). (2.9)

(2.9) yechimni (2.4) ga olib borib qo‘ysak quyidagiga kelamiz:
u) = Y[ g N E, o (A4 IND) + £ (D E, 1 (-4 (D) |y,
k=1

(2.10)
(2.10) qgator bilan berilgan u(t) funksiya (1.2) masalaning formal yechimi ekanligi

kelib chiqdi. Endi ushbu yechimning haqiqgiy yechim ekanligini ko‘rsatish uchun ushbu
qatorga D va A operatorlarni hadma-had qo’llashimiz kerak bo’ladi. Shuning uchun

(2.10) gatorning tekis va absolyut yaginlashuvchi ekanligini ko‘rsatish kerak bo‘ladi.
Buning uchun (2.10) qatorning qismiy yig‘indisi

Sn (1) = kz 2N E, 4 (=4 (IND) + i (N g 41 (4 (IND) [y
=1

(2.11)
ni olamiz. Ushbu qismiy yig’indini baholaylik:

2

[Sa I = ‘kz AN ™ E, o (=4 IN)) + Fi (INY“Eq g (<4 (VD) [
=1

Parseval tengligiga ko‘ra, ya’ni
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2 4 -1 2
IS O = 2 |o INt)*E,, o (<4 (IN)*) + f (N E, 1 (4 (IND))|
k=1
tenglikka ega bo’lamiz. Endi ushbu ifodani baholaylik

8,0 <C 2o nt)” 16, (- (nty)]
=1

2
n
+C Y| ()7 E, g (4 (IND)| =S5+,
k=1
bu yerda
1 4 -1 2
S5 =CY |ac(In)* '€, , (-4 (Int)*)[*,
k=1
n 2
Sz =CY|fiN)“E, 41 (4 (IN)| .
k=1
Endi (2.3) bahodan foydalanib, yuqoridagi tenglikning o‘ng tomonini har birini
baholaylik:
2
st :ci o (N LE, (—4 (Int)“)‘z SCilcok 2 (Int)%*~2 _ 1
"G “e ] 1+ A (Int)®
LY. 202 1 C & p
<CY |o| (Int) < >l
Z 20~ 72?2
va
2
52=ci f (INt)*E (—Ak(lnt)“)fgciu 2tz —L | <
n = K a,a+l = K 1+ﬂk(lnt)“
LY 20 1 C &, p
<SCY | f [ (Int)* ——==<=D | |-
k=1| | ﬂkz(lnt)za /112 k=1| |

Oxirgi uchta tengsizlikdan ko‘rinib turibdiki, agar ¢, f € H bo‘lsa, u holda (2.10)

gator yaginlashuvchi bo‘ladi. Bundan (Int)l_“-u(t)eC((l,oo);H) ekanligi kelib
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chigadi. Endi Au(t) ni baholaylik, S, (t) yig‘indi (2.10) gatorning gismiy yig‘indisi

bo‘lgani uchun

AS, (1) = ki_l(cok(Int)"“lEa,a<—ﬂk(lnt>a)+ RN E, 41 (~A D) ) Ay,

(2.13)

tenglik o‘rinli bo‘ladi. Parseval tengligiga ko‘ra

2

|AS, @) = ‘ki_l(cokann“-l B (A IND?) + fie (N Eg 4 (<A (VD) Wi

n 2
= YA o) E (AN + A0 Eq a4 (N))
=1

bo‘ladi. U holda biz quyidagi tengsizlikka ega bo‘lamiz:

s, O <C 3 22[0, n 2 o (A +
=1

2
n
+C Y 22| )7 Ey (<A (nt))| = ASE+ ASZ.
k=1
Agar

ASt=CY A2 o IN)“E, (4 (Int)“)‘z ,
k=1

2
n
2 2
ASY =C Y A IN)E,y 4 g (2 (IN1)")|
k=1
kabi belgilashlar kiritsak, u holda quyidagi tengsizlikka ega bo‘lamiz:

|AS, @) < ASE + AS?.

Endi (2.3) bahodan foydalanib, yuqoridagi tengsizlikning o‘ng tomonini har birini
baholaylik:

1

n
ASt<C> A2 PlIntP* 2 | ———
n<CY Ao [FlInt| T 2 (D)

k=1
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< 02 2 (Int)2a-2 1
<CI(Z:;I_ﬂk |¢k| ( nt) Zk (I t)Z(x (Int)2 Z| |
va
ASZ:CanIt“E - It“ZSCanZIIZ“;
: kglﬂk\k(n) w2 (IND%) XA (s
f | Za
<CZﬂk|k|(nt) ﬂk(l ZI fl”

Demak, agar @, f € H bo‘lsa, u holda Au(t) e C((l,oo); H) bo‘ladi.

Endi masalaning yechimi yagona ekanligini isbotlaymiz. Teskarisini faraz gilamiz,
ya’ni masalaning yechimi ikkita Uy(t) va U,(t) bo‘lsin. u;(t) #=u,(t) va ularning
ayirmasi u, (t) —u, (t) = u(t) bo‘lsin.

U holda berilgan tenglamani quyidagi ko‘rinishlarda yozib olamiz:

DU (t) + Auy (t) = f

. 3 (2.14)
lim 127, () =
t—1+0 t 1() 14
va
Dfu, (t) + Au, (t) = f
. _ (2.15)
lim 127, (t) =
t—1+0 t 2() ¢
Endi (2.14) tenglamadan (2.15) tenglamani hadma had ayirib yuboramiz.
Dfu(t) + Au(t) =0
(2.16)

lim 127 u(t) =0
t—1+0

masalaga kelamiz.
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Yagonaligi. Aytaylik u(t) (2.16) masalaning ixtiyoriy yechimi bo’lsin. U holda
u, (t) =(u(t),vk) deb izlaymiz. U holda yuqgoridagi tenglik va A operatorning o‘z —

o‘ziga qo‘shmaligidan quyidagi tenglamani hosil gilamiz.

D u (t) =(Dtau(t),vk ) =—(Au(t),v ) =—(u(t), Ay, ) =

=—(u(t), 4V ) =4 (u(t),vi ) =—Au, (), t>1 (2.17)
Agar Koshi shartidan foydalansak, unda quyidagi masalaga ega bo‘lamiz.
Dfu, (t) + 4u, (t)=0, t>1;u(t)=0
Bundan ko‘rinib turibdiki uy (t) =0 ekanligi kelib chigadi. Bundan esa {v, } xos

funksiyalarning to‘laligidan u(t) =0 ekanligi kelib chiqadi. Teorema to‘la isbotlandi.

Foydalanilgan adabiyotlar

1. Gorenflo R., Kilbas A. A., Mainardi F., Rogozin S. V.: Mittag-Leffler functions,
related topics and applications, Springer (2014).

2. Anatoly A. Kilbas, Hari M. Srivastava, Juan J. Trujillo: Theory and Applications
Fractional Differential Equations, North-Holland (2006).

3. Pskhu A.V.: Fractional partial differential equations, in Russian, M. NAUKA (2005).

4. Kabanikhin S.1.: Inverse and IlI-Posed Problems. Theory and Applications, De Gruyter
(2011).

5. Ashurov R., Fayziev Yu.: Determination of fractional order and source termin a
fractional subdiffusion equation.

https://www.researchgate.net/publication/354997348

6. Ashurov R., Fayziev Yu.: On construction of solutions of linear fractional
differentional equations with constant coefficients and the fractional derivatives,
Uzb.Math.Journ. 3 (2017), 3-21, (in Russian).

7. Li Z., Liu Y., Yamamoto M.: Initial-boundary value problem for multi-term time-
fractional diffusion equation with positive constant coefficients. Applied Mathematica
and Computation. (2015). V.257. P.381-397.

ISSN: 2181-3558 384


https://www.researchgate.net/publication/354997348

