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Putting the matter. 𝑄 = {(𝑡, 𝑥): 0 < 𝑡 ≤ 𝑇, 𝑎 < 𝑥 < 𝑏} in the field let’s look 

at the boundary problem for the nonlinear parabolic equation in the environment 

with the following variable properties: 

𝜌(𝑡)
𝜕𝑢

𝜕𝑡
=

𝜕

𝜕𝑥
(𝑢𝜎

𝜕𝑢

𝜕𝑥 
) − 𝜗(𝑡)

𝜕𝑢

𝜕𝑥
         (1) 

𝑢(𝑥, 0) = 𝑢0(𝑥) ≥ 0, 𝑎 ≤ 𝑥 ≤ 𝑏  (2)  

{
𝑢(𝑡, 𝑎) = 𝜙1(𝑡)

𝑢(𝑡, 𝑏) = 𝜙2(𝑡)
, 0 ≤ 𝑡 ≤ 𝑇         (3) 

here 𝜎 ∈ 𝑅+-given a real number 𝜗(𝑡)- the speed of the environment, 𝑢𝜎-

thermal conductivity koeffisienti sup 𝑚𝑒𝑠 𝑢(𝑥, 𝑡) < ∞,𝑢 = 𝑢(𝑥, 𝑡) ≥ 0 wanted, or 

𝑢0(𝑥)-the initial temperature, 𝜙1(𝑡), 𝜙2(𝑡)-function, which is negative, T, a, b-

given the number (1) many equations-dimensional linear distribution and in the field 

of the environment are changing the speed and density of heat, are linear heat 

conductivity, diffusion balances, liquid and gas filtration minds investigate 

processes such as the movement of the water under the earth, and (2) Cauchy 

condition (3) is called the boundary conditions. There are several ways to solve this 

equation, from which the solution of the equation through a self-similar solution is 

considered. Nowadays, in the research of non-linear heat dissipation processes, the 

concept of a self-similar solution has gained very wide popularity. 

(1) the equation represents a series of physical processes: in a nonlinear 

medium, the reaction represents the diffusion process, the heat dissipation process 

in a non-homogeneous nonlinear medium, the law of polytrophic and the existence 

of other nonlinear migrations. 

The solution to the following equation (1) we look for 𝑢(𝑡, 𝑥)in the form 

𝑢(𝑡, 𝑥) = 𝑉(𝜏(𝑡), 𝑥) (*). We put (*) to (1) and the following: 
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𝜌(𝑡)
𝜕𝑉

𝜕𝜏
 𝜏′ =

𝜕

𝜕𝑥
(𝑉𝜎 𝜕𝑉

𝜕𝑥
) − 𝑍(𝜏)

𝜕𝑉

𝜕𝑥
 (4) 

an equation is formed. Where 𝑍(𝜏): 𝑡 → 𝜏, 𝜗(𝑡) → 𝑍 (𝜏) is formed by transfer. 

𝜏′(𝑡)𝜌(𝑡) = 1  , 𝜏(0) = 0    (5)  
an equation is formed and from this equality for 𝜏(𝑡) we form the following 

equality. 

𝜏′(𝑡) =
1

𝜌(𝑡)
 

𝜏(𝑡) = 𝐶 + ∫
1

𝜌(𝑡)
𝑑𝑡     (6) 

We will have equality. We put (6) in (4) and equation (4) goes to the following 

view: 
𝜕𝑉

𝜕𝜏
=

𝜕

𝜕𝑥
(𝑉𝜎 𝜕𝑉

𝜕𝑥
) − 𝑍(𝜏)

𝜕𝑉

𝜕𝑥
      (7) 

(7) to find the solution of the equation 𝑉(𝜏 (𝑡), 𝑥): 

𝑉(𝜏, 𝑥) = 𝑊(𝜏, 𝛾(𝜏, 𝑥))     (8) 

visible replacement will be performed. 

We put (8) in equation (7) and perform the necessary calculations. 

𝑊𝜏 + 𝛾𝜏𝑊𝛾 =
𝜕

𝜕𝑥
(𝛾𝑥𝑊𝜎𝑊𝛾) − 𝑍(𝜏)𝛾𝑥𝑊𝛾                 (9) 

𝛾𝜏𝑊𝛾 = −𝑍(𝜏) 𝛾𝑥𝑊𝛾               (10) 

𝛾𝜏 = −𝑍(𝜏)𝛾𝑥 

−
𝛾𝜏

𝑍(𝜏)
= 𝛾𝑥 

𝛾(𝜏, 𝑥) = 𝑥 − ∫ 𝑍(𝜃)𝑑𝜃    
𝜏

0
       (11)  

We put (11) in (9) and form the following equality: 

𝑊𝜏 =
𝜕

𝜕𝑥
(𝛾𝑥𝑊𝜎𝑊𝛾)             (12) 

(12) we also carry out the necessary calculations for: 

𝑊𝜏 =
𝜕

𝜕𝑥
(𝛾𝑥)(𝑊𝜎𝑊𝛾) + 𝛾𝑥

𝜕

𝜕𝑥
(𝑊𝜎𝑊𝛾)           (13) 

𝛾𝑥 = 1 =>  
𝜕

𝜕𝑥
(𝛾𝑥) = 0    (14) 

We put (14) in (13) and form the following equation: 

𝑊𝜏 = 𝛾𝑥
𝜕

𝜕𝑥
(𝑊𝜎𝑊𝛾)           (15) 

𝜕

𝜕𝑥
(𝑊𝜎𝑊𝛾) =

𝜕

𝜕𝛾
(𝑊𝜎𝑊𝛾) 𝛾𝑥 

𝑊𝜏 = (𝛾𝑥)2
𝜕

𝜕𝑥
(𝑊𝜎𝑊𝛾) 

𝜕𝑊

𝜕𝜏
=

𝜕

𝜕𝛾
(𝑊𝜎𝑊𝛾)      (16) 

We build a self-similar solution to find the following (16) equation solution 

𝑊(𝜏, 𝛾(𝜏, 𝑥)). In doing so, we look for the solution as follows: 

𝑊(𝜏, 𝛾(𝜏, 𝑥)) = (𝑇 − 𝜏)𝛼𝑓(𝜉)   (17) 
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𝜉 = 𝛾(𝑇 − 𝜏)−𝛽 (18) 

We put (17) and (18) (16) and transfer (16) to the following view: 
𝜕𝑊

𝜕𝜏
=

𝜕

𝜕𝜏
(( 𝑇 − 𝜏)𝛼𝑓(𝜉)) = −𝛼 𝑓(𝜉)(𝑇 − 𝜏)𝛼−1 + (𝑇 − 𝜏)𝛼 𝜕𝑓

𝜕𝜉

𝜕𝜉

𝜕𝜏
    (19) 

𝜕𝜉

𝜕𝜏
= 𝛽𝛾(𝑇 − 𝜏)−𝛽−1 = 𝛽𝜉(𝑇 − 𝜏)−1           (20) 

We put (20) to (19) and have the following: 
𝜕𝑊

𝜕𝜏
= (𝑇 − 𝜏)𝛼−1 (−𝛼 𝑓(𝜉) + 𝛽𝜉

𝑑𝑓

𝑑𝜉
)     (21) 

𝑊𝜎 = (𝑇 − 𝜏)𝛼𝜎𝑓𝜎(𝜉)        (22) 

𝑊𝛾 =
𝜕

𝜕𝛾
((𝑇 − 𝜏)𝛼𝑓(𝜉)) =

𝜕

𝜕𝜉
((𝑇 − 𝜏)𝛼𝑓(𝜉))

𝜕𝜉

𝜕𝛾
= (𝑇 − 𝜏)𝛼 𝑑𝑓

𝜕𝜉

𝜕𝜉

𝜕𝛾
      (23) 

𝜕𝜉

𝜕𝛾
= (𝑇 − 𝜏)−𝛽     (24) 

We shall put (24) to (23). In doing so, the following equality is formed: 

𝑊𝛾 = (𝑇 − 𝜏)𝛼−𝛽 𝑑𝑓

𝑑𝜉
    (25) 

𝜕

𝜕𝛾
(𝑊𝜎𝑊𝛾) =

𝜕

𝜕𝜉
(𝑊𝜎𝑊𝛾)

𝜕𝜉

𝜕𝛾
=

𝜕

𝜕𝜉
((𝑇 − 𝜏)𝛼𝜎𝑓𝜎(𝜉)(𝑇 − 𝜏)𝛼−𝛽 𝜕𝑓

𝜕𝜉
) (𝑇 −

𝜏)−𝛽 = (𝑇 − 𝜏)𝛼(𝜎+1)−2𝛽 𝜕

𝜕𝜉
(𝑓𝜎 𝜕𝑓

𝜕𝜉
) (26)               

When we put (21), (26) into equation (16), the following approximate self-

similar equation is formed: 

(𝑇 − 𝜏)𝛼(𝜎+1)−2𝛽
𝑑

𝑑𝜉
(𝑓𝜎

𝑑𝑓

𝑑𝜉
) + (𝑇 − 𝜏)𝛼−1 (𝛼 𝑓 − 𝛽𝜉

𝑑𝑓

𝑑𝜉
) = 0        (27) 

if we take 𝛼(𝜎 + 1) − 2𝛽 = 𝛼 − 1, we get 𝛼 = (2𝛽 − 1)/𝜎 for 𝛼. 

When we put the found 𝛼 (27) into an approximate self-similar equation, the 

equation goes to the following view: 
𝑑

𝑑𝜉
(𝑓𝜎

𝑑𝑓

𝑑𝜉
) + 𝛼 𝑓 − 𝛽𝜉

𝑑𝑓

𝑑𝜉
= 0        (28) 

(28) if we add 𝛽𝑓 to the equation and subtract 
𝑑

𝑑𝜉
(𝑓𝜎

𝑑𝑓

𝑑𝜉
) + 𝛼 𝑓 + 𝛽𝑓 − 𝛽𝜉

𝑑𝑓

𝑑𝜉
− 𝛽𝑓 = 0 

−𝛽𝜉
𝑑𝑓

𝑑𝜉
− 𝛽𝑓 = −

𝑑

𝑑𝜉
(𝛽𝑓𝜉) 

represents a full differential.  Using such (28), we write down the equation as 

follows: 
𝑑

𝑑𝜉
(𝑓𝜎

𝜕𝑓

𝜕𝜉
) −

𝑑

𝑑𝜉
(𝛽𝑓𝜉) + (𝛼 + 𝛽)𝑓 = 0        (29)         

In equation (29) 𝐴𝑓 = (𝛼 + 𝛽) 𝑓 functionality is included. 
𝑑

𝑑𝜉
(𝑓𝜎

𝑑𝑓

𝑑𝜉
) −

𝑑

𝑑𝜉
(𝛽𝑓𝜉) + 𝐴𝑓 = 0    (29)        

(29) to solve the approximate self-similar equation, we solve this equation 

without the 𝐴𝑓 functionality: 
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𝑑

𝑑𝜉
(𝑓𝜎

𝑑𝑓

𝑑𝜉
) −

𝑑

𝑑𝜉
(𝛽𝑓𝜉) = 0       (30) 

Equation (30) represents a simple differential equation. This is the solution of 

the differential equation f we find as follows: 
𝑑

𝑑𝜉
(𝑓𝜎

𝑑𝑓

𝑑𝜉
) =

𝑑

𝑑𝜉
(𝛽𝑓𝜉) 

𝑓𝜎
𝑑𝑓

𝑑𝜉
= 𝛽𝑓𝜉 

𝑓𝜎−1𝑑𝑓 = 𝛽𝜉𝑑𝜉 
𝑓𝜎

𝜎
=

𝛽

2
𝜉2 + 𝑐1  

𝑓 = (𝑐2 +
𝜎𝛽

2
𝜉2) 

1
𝜎            (31) 

Theorema1. If 

𝛼 + 𝛽 ≥ 0, 

𝛽 ≥ −𝛼 =
−2𝛽 + 1

𝜎
 , 

𝛽𝜎 ≥ 1 − 2𝛽, 𝛽(𝜎 + 2) ≥ 1, 

𝛽 ≥
1

𝜎+2
  (32) 

if appropriate, the (31) function (29) would be the higher solution for the 

equation. 

Theorema2. If 

𝛼 + 𝛽 ≤ 0, 

𝛽 ≤ −𝛼 =
−2𝛽 + 1

𝜎
 , 

𝛽𝜎 ≤ 1 − 2𝛽, 𝛽(𝜎 + 2) ≤ 1, 

𝛽 ≤
1

𝜎+2
  (33) 

if appropriate, the (31) function (29) would be the lower solution for the 

equation. 

Let’s look at some private cases for the equation (1) given above: 

1) 𝜌(𝑡) = 𝑡𝛼1  , 𝜗(𝑡) = 𝑡𝛼1 , 𝜏(0) = 0,  
𝜏(𝑡) we find the function, in which we find the appearance of 𝜏(𝑡) in the form 

of (6). 

𝜏(𝑡) = 𝐶 + ∫
1

𝑡𝛼1
𝑑𝑡 = 𝐶 +

𝑡1−𝛼1

1 − 𝛼1
 

𝜏(0) = 0 using the condition, we find 𝐶 = 𝑐𝑜𝑛𝑠𝑡: 

𝜏(0) = 𝐶 = 0 

It would seem 𝜏(𝑡) =
𝑡1−𝛼1

1−𝛼1
   (34) will like. 

𝜗(𝑡) = 𝑡𝛼1 => 𝑍(𝜏) = ((1 − 𝛼1)𝜏)
𝛼1

1−𝛼1  

𝛾(𝜏, 𝑥) is defined in the form of a function (11) and this function is as follows: 
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𝛾(𝜏, 𝑥) = 𝑥 − ∫ ((1 − 𝛼1)𝜏)
𝛼1

1−𝛼1𝑑𝜏 = 𝑥 − ((1 − 𝛼1)𝜏)
1

1−𝛼1 = 𝑥 − 𝑡 (35) 

𝜉 the function was in the form of (18) and according to (34) and (35) (18) 

𝜉 = (𝑥 − 𝑡) (T −
t1−𝛼1

1−𝛼1
)

−β

 (36) 

it switches to visibility, and 𝑢(𝑡, 𝑥) while the approximate automodel solution 

appears to be the following: 

𝑢(𝑡, 𝑥) = (𝑇 −
t1−𝛼1

1−𝛼1
)

𝛼

(𝑐2 +
𝜎𝛽

2
𝜉2) 

1

𝜎  (37) 

2)  𝜌(𝑡) = 𝑒𝛼1𝑡 , 𝜗(𝑡) = 𝑒𝛼1𝑡 , 𝜏(0) = 0, 
𝜏(𝑡) we find the function, in which we find the appearance of τ (t) in the form 

of (6). 

𝜏(𝑡) = 𝐶 + ∫
1

𝑒𝛼1𝑡
𝑑𝑡 = 𝐶 −

𝑒−𝛼1𝑡

𝛼1
 

𝜏(0) = 0 using the condition, we find 𝐶 = 𝑐𝑜𝑛𝑠𝑡: 

𝜏(0) = 𝐶 −
1

𝛼1
= 0, 𝐶 =

1

𝛼1
 

It would seem 𝜏(𝑡) =
1−𝑒−𝛼1𝑡

𝛼1
   (38) will like. 

𝜗(𝑡) = 𝑒𝛼1𝑡 => 𝑍(𝜏) =
1

1 − 𝛼1𝜏
 

𝛾(𝜏, 𝑥) is defined in the form of a function (11) and this function is as follows: 

𝛾(𝜏, 𝑥) = 𝑥 − ∫
1

1−𝛼1𝜏
𝑑𝜏 = 𝑥 +

1

𝛼1
ln (1 − 𝛼1𝜏) = 𝑥 − 𝑡 (39) 

𝜉 the function was in the form of (18) and according to (38) and (39) (18) 

𝜉 = (𝑥 − 𝑡) (T −
1−𝑒−𝛼1𝑡

𝛼1
)

−β

 (40) 

it switches to visibility, and 𝑢(𝑡, 𝑥) while the approximate automodel solution 

appears to be the following: 

𝑢(𝑡, 𝑥) = (𝑇 −
1−𝑒−𝛼1𝑡

𝛼1
)

𝛼

(𝑐2 +
𝜎𝛽

2
𝜉2) 

1

𝜎  (41) 

Calculation exponent and numerical results: 

An algorithm for solving the problem posed was compiled and an algorithm-

compatible program was created in the C# programming language (Figure 1). 

Numerical results were obtained (Figure 2), based on the results obtained, two-

dimensional (figure 3) and three-dimensional (figure 4) graphic animations were 

formed. To work with graphics mode, the Chart module of the C# programming 

language, the 3D-Plot graphics module of the Mathcad package, was used. A user-

friendly interface has been created to use the program. 

Some of the results generated using the program are reflected below: 
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