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Annotation. In this article, we have considered a simple motion differential
game of pursuers and one evader in. Here controls of the pursuers are subjected to
linear constraints which is the generalization of both integral and geometrical
constraints, and control of the evader is subjected to a geometrical constraint. To
solve a pursuit problem, the attainability domain of each pursuer has been
constructed and therefore, necessary and sufficient conditions have been obtained
by intersection of them.
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AHHOTanmusA. B »9Toif cTaTthe MBI PACCMOTPENM TPOCTYIO HUIPy C
nuddepeHIanbHbIM IBIKCHUEM MpeciieloBaTeNiel U OJJHOTO yoeraromiero. 3/1ech
YIPABJICHUC IIPCCIICAOBATCIIIMU TTOJUUHACTCA JIMHEMHBIM OTpaHUYCHUAM, YTO
ABJIACTCA 0606HICHI/ICM KaK MHTCTPAJIBHBIX, TaK U IT'COMCTPHUUICCKUX OrpaHquHHﬁ,
a VYIIPpaBJICHUC y6era}0mHM HNOAYUHACTCA FCOMGTpH‘ICCKOﬁ OT'paHUYCHUC. I[JI}I
pelieHns 3a1add IMpecieIOBaHus IOCTPOeHa OO0JaCTh JOCTHIKUMOCTH KayKJI0TO
mpeciacaoBarciii M, CICAOBATCIIBHO, ITOJTYYCHBLI H€06XO,Z[I/IMI>IG U AOCTAaTOYHBIC
YCJIOBHS UX IIEPECCUCHUS.

KiarwueBble cioBa: nuddepeHnnanipbHoe ypaBHEeHHE, auddepeHnnanibHas
Urpa, MHTETpajibHAsl TPaHHUIA, TEOMETPUYECKasl TpaHHUIA, yIpaBicHUE, (QyHKIIUS
YHOpaBICHUS.

Annotatsiya. Ushbu magolada biz ta'gibchilarning differentsial harakati va
bitta gochish bilan oddiy o'yinni ko'rib chigdik. Bu erda ta'gibchilarning nazorati
chizigli cheklovlarga bo'ysunadi, bu ham integral, ham geometrik cheklovlarning
umumlashtirilishi va gochishni boshgarish geometrik cheklovga bog'lig. Ta'gib
gilish muammosini hal gilish uchun har bir ta'gibchining erishish mumkin bo'lgan
hududi quriladi va shuning uchun ularning kesishishi uchun zarur va etarli shartlar
olinadi.

Kalit so‘zlar: differensial tenglama, differensial o‘yin, integral chegara,
geometrik chegara, nazorat, boshgaruv funksiyasi.

Differential games are a mathematical object that models conflict situations
described by differential equations.

Let us give a more detailed description of the formalization of differential
games proposed by L.S. Pontryagin [1]. Let the motion of a conflict-controlled
system in the phase vector z € R™, n > 1, be described by the differential equation
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z=F(z,u,v),

where u, v are the control parameters (control vectors) of the first (pursuing,
catching up) and second (pursuing, escaping) players, respectively, u € U,v €
V,U and V are non-empty subsets of the Euclidean spaces RP and R? respectively,
F:R™ x U xV — R™ is a continuous function. In addition, a non-empty target set
M (terminal set) is specified in R™. L.S. Pontryagin emphasizes: “We associate two
different problems with the differential game.

1. Our goal is to complete the game, i.e. bringing the point z to the set M; at
the same time, to achieve this goal, we have at our disposal the controlling
parameter of the pursuing u, so that at each time ¢t > 0 we choose the value u(t) of
this parameter using the functions z(s) and v(s) on the segment t — 0 < s <'t,
where 6 is a suitably chosen positive number. These are the rules of the pursuit
game.

2. Our goal is to prevent the end of the game, i.e. preventing the arrival of the
point z on the set M; at the same time, to achieve this goal, we have at our disposal
the control parameter of the pursued v, so that at each time t > 0 we choose the
value v(t) of this parameter using the functions z(s) and u(s) on the segment t —
6 < s <t. These are the rules of the game of escape" [1].

We consider the differential game of pursuit

z=Cz—u+v,(1)

where z € R™, C is a linear mapping of the space R™ into itself, |u| < 1, [|v(:
)| = o, 0 is a positive constant. The terminal set has the form

M ={z:z € R", |nz| < 1},

Where  — orthogonal projection operator R™ on L, L — some subspace R™, [ —
given positive number.

Definitions. We will say that in game (1) from the starting point (initial
position) z, € R™\M you can complete the pursuit in time T(z,), if there is a
function u = u(t,v),0 <t < T(zy),v € V,u(t,v) € U, such that for an arbitrary
measurable function v = v(t),0 <t < T(z,),v(t) € V, function u(t,v(t)), 0<
t < T(zy), is measurable and the trajectoryz = z(t),0 < t < T(z,), equations z =
Cz—u(t,v(t)) + v(t),z(0) = zy, falls on M, T.e. z(t) EM at some t=t' €
[0,T(zy)]. Number T(z,) is called the pursuit time from the point z,, function
u(t,v),0 <t <T(zy),v €V, persecution function.

The solution of the pursuit problem is understood as:

1) finding starting points z, € R™\M, of which the completion of the pursuit
in the sense of the definition introduced above is possible;

2) finding explicitly or specifying an algorithm for constructing the pursuit
function u(t, v).
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Theorem. Let there be a positive constant d such that
le®“ll < d (2)

for all t > 0. Then in the game (2.1) it is possible to complete the pursuit and
an arbitrary point z, € R™\M during

T(zo) = d|zy| + d*KO*(N — 1),

3 2
where K = max(|z,],1),0 = max(o,1),N = [@],c = ||z||, [a] —
the integer part of number a.

Proof. Let, v(t),t =0, — arbitrary measurable function, ||v(-)||,= 0. Ha
segment [0, t;] we will put

u(t) = et¢z,,
d|z|

where t; = d|zy|. This is a continuous function, hence measurable. Let us
show that it satisfies |u(t)| < 1 forall t € [0, t,]:

1
IU(t)I | tCZ()l <

tC”
d|zo|

“le |Zo] < dlzg| =1

d|zo] ~ d|zo]

Solution of equation (1) on the segment [0, t,] has the form

t

t
z(t) = e’ lzo — e "u)dr + | e "v(r)dr| =
ferrs

0

t

t
Je dlzolerczodr+fe_rcv(r)dr =
0 0

t
t
tC -rC
=e'“|zy— -Zo+fe v(r)dr|.
d|zo|

0

Considering t; = d|z,|, we have

t
z(t) = etr® ZO_d|21 |°ZO +J e "Cv(r)dr| = f e&1=1Cy (1) dr.
0
0 0

That's why
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t1

wzy = nz(t)) = f weCy () dr .
0

Let's estimate |z |
tq tq t1

|z,| = f ety (r)dr <J||e(t1_r)c|| Nv@)|dr <d - j lv(r)|dr <
0 0 0
3 1
< d\/t_10'1 = d dlZ()lO-l = dE|ZO|EO-1 < d3K92 (3)

Let's pretend that z; € M. Then we get
i1 t1

| <|mzq| = j eIy dr| < ||| ‘-]”e(tl_r)‘:” v (r)|dr.
0 0

Using the Cauchy-Bunyakovsky inequality [3], we have

t1 t1

ty
I < cdj lv(r)|dr < cd J dr - ] v2(r)dr =
0 0

0

1
= cdoy\[t; = cdoyy/dzy| < cd®|zo|20, (4.1)

where g; = “Otl v2(r)dr.

On the segment [t,, t,] control the pursuer as follows:

1 e(t_tl)CZ

u(t) = ,
d|Z1| !

where t, = t; + d|z,|. It is easy to show that|ju(t)| <1 mpu t; <t < t,.
Solution of equation (1) on the segment [t,, t,] has the form

¢ t
z(t) = etC e talz — fe‘rcu(r)dr+ fe‘rcv(r)dr =
£, £
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t t
1
o fe"’c eTt)Cy dr + je‘rcv(r)dr =

= e .
d|z,|
tl tl
t
=etC e tlz — anicy e tilz, + je‘rcv(r)dr .
! d|z,| !
ty
Considering t, = t; + d|z,|, we have
iy
t,C | ,—t.C b~ ¢ —rC
z(t,) = et2" el z — e bz + | e u(r)dr| =
d|z,|
t1
7}
— (t,—7r)C
= j e v(r)dr.
t1
That's why
ty
nz, = mz(ty) = J we2"Cy(r)dr .
ty

Suppose z, & M. Then we get

t, ty

| < |mz,| = J we®2"Cy(r)dr| < cd ft, — t; - f v2(r)dr =
tq ty

3 1

= CdO-Z\/ dlle < Cdilzllzo_z

where g, = /fttlz v2(r)dr.

Taking into account inequality (3), we obtain

3 3 1 1 1 1
) )

| < cdzdz|zy|20%0, = cd3|zy|%0

1 1 (o)) (42)

Repeating the previous reasoning, we have

2

[y

1,3 1)

[ < cd3|ZO|(§) 01(2 02703 (4.3)
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1,1 l)n_z 1
I < cd3|ZOI(7) 0% .0} ,0p1 (4n—1)
(L) 11
1< cd3|ZOI(7) 01(2) ...0532 o’ 0, (4.1)

where g; = \/ft‘_ v2(r)dr.
From inequality (4.n) we obtain

12 < c?d®|z I(%) o
0 1 R n_z —

Let's multiply the inequalities (5) and (4.n-1)

1\"—2 1)n—3
13 < c3d9|20|(§) 0,%  ...0n_205_10% (6)

Continuing our calculations, we obtain the inequalities
"1 < 30D 20162, 02 102 (7)

That's why
I < cd®(|zplof...05_107)n+1 <
ey |zo| + 02+ ... +02_ | + 0} - cd3(|zol + 02)
n+1 - n+1 ’
where
t1 ) tn
oi+oi+ .. +to2= j v2(r)dr + f v2(r)dr + - + f v2(r)dr =
0 ty th—1
tn o
= f v2(r)dr < f v2(r)dr < ¢?.
0 0
Therefore
cd3(|zy| + o2
n+1< ( Oll ),
or
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3 2
< [cd (Izoll + 0%)

]—1=N—1.

Therefore, forsome k,1 < k < N,z, = z(ty) EM u
ty = dlzo| +dlzq| + - + d|zg_1] (8)

Let's estimate |z;],i = 2,3, ...,k — 1, and get

L

|z,| = f e&2"Cy(r)dr| < d\[t, — t; - 0, = d/d|z4| - 0, =

tq

3.1 33 12
= d?|z,|20, < d2d%|zy|%0l0, < d3K6?,

|z3| < d°K 6?2,
|Zk—1| < d3K62.
From (8) it follows
ty = d|zo| + d*K0?%(k — 1) < d|zo] + d*KO?(N — 1) = T(z,).

Hence, in the game (1) the pursuit ends from the initial position z, during

T (zo).
The theorem has been proven.
Example. Let the differential game be described by the equation

z=-u+v,(09)

where z € R™, |u| < 1, |lv()|| < 0. M = {z: |nz| < 1}.

It's clear that [|et¢|| = ||E]| = 1 = d. Hence, the condition of the theorem is
satisfied, and in the game (9) it is possible to complete the pursuit from an arbitrary
point z, € M during

T(zo) = |zo| + KO*(N — 1),

2
where K = max(|zol, 1), 6 = max(o,1),N = [lZOHG‘]-

l
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